
𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑖𝑎𝑛 of two pendulum oscillators coupled by a multi-modes reservoir
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𝜕𝐿

𝑑 ሶ𝑥𝑘
=෍

𝑘

𝑚𝑟2 𝑘 ሶ𝑥𝑘

𝑑
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𝑚𝑟2 𝑘 ሷ𝑥𝑘

𝜕𝐿

𝑑𝑥𝑘
= − ෍

𝑘

𝑚𝑟 𝑘𝑔𝑥𝑘 −෍

𝑘

Κ1𝑘 𝑟1𝜙1 − 𝑥𝑘 −෍

𝑘

Κ2𝑘 𝑟2𝜙2 − 𝑥𝑘

𝑑

𝑑𝑡

𝜕𝐿

𝑑 ሶ𝑥𝑘
−

𝜕𝐿

𝑑𝑥𝑘
= 0

𝑚𝑟2 𝑘 ሷ𝑥𝑘 + 𝑚𝑟 𝑘𝑔𝑥𝑘 + Κ1𝑘 𝑟1𝜙1 − 𝑥𝑘 + Κ2𝑘 𝑟2𝜙2 − 𝑥𝑘 = 0

For small angle approximation
sin 𝑥𝑘 = 𝑥𝑘

ሷ𝑥𝑘 +
𝑔

𝑟 𝑘
𝑥𝑘 − Κ1𝑘 𝑟1𝜙1 − 𝑥𝑘 - Κ2𝑘 𝑟2𝜙2 − 𝑥𝑘 = 0

ሷ𝑥𝑘 + 𝜔𝑘
2𝑥𝑘 − 𝑔1𝑘𝜙1 − 𝑔2𝑘𝜙2 = 0

𝜔𝑘 =
𝑔

𝑙 𝑘

𝜔𝑘
2 ≫ Κ1𝑘 , Κ2𝑘

𝑔𝑖𝑘 =
Κ𝑖𝑘𝑟𝑖
𝑚𝑟2 𝑘

Euler-Lagrangian equation on 𝑥 coordinate



𝜕𝐿

𝑑 ሶ𝜙𝑖
= 𝑚𝑟𝑖

2 ሶ𝜙𝑖

𝑑

𝑑𝑡

𝜕𝐿

𝑑 ሶ𝜙𝑖
= 𝑚𝑟𝑖

2 ሷ𝜙𝑖

𝜕𝐿

𝑑𝜙𝑖
= − 𝑚𝑔𝑟𝑖 sin𝜙𝑖 +෍

𝑘

Κ𝑖𝑘 𝑟𝑖 𝑟𝑖𝜙𝑖 − 𝑥𝑘

𝑑

𝑑𝑡

𝜕𝐿

𝑑 ሶ𝑥𝑘
−

𝜕𝐿

𝑑𝑥𝑘
= 0

For small angle approximation
sin𝜙𝑖 = 𝜙𝑖

𝑚𝑟𝑖
2 ሷ𝜙𝑖 +𝑚𝑔𝑟𝑖𝜙𝑖 +෍

𝑘

Κ𝑖𝑘𝑟𝑖 𝑟𝑖𝜙𝑖 − 𝑥𝑘 = 0

ሷ𝜙𝑖 + 𝜔𝑖
2 sin𝜙𝑖 −෍

𝑘

𝑔𝑖𝑘 𝑥𝑘 = 0

𝜔𝑖 =
𝑔

𝑟𝑖

𝜔𝑖
2 ≫ 𝑔𝑖𝑘 , Κ2𝑘

Euler-Lagrangian equation on 𝜙𝑖 coordinate



𝑑2

𝑑𝑡2
𝜙1 + 𝜔1

2𝜙1 +෍

𝑘

𝑔1𝑘𝑥𝑘 = 0

𝑑2

𝑑𝑡2
𝜙2 + 𝜔2

2𝜙2 +෍

𝑘

𝑔2𝑘𝑥𝑘 = 0

𝑑2

𝑑𝑡2
𝑥𝑘 + 𝜔𝑘

2𝑥𝑘 + 𝑔1𝑘𝜙1 + 𝑔2𝑘𝜙2 = 0

𝑥𝑘 = 𝑐1 cos 𝜔𝑘𝑡 + 𝑐2 sin 𝜔𝑘𝑡 + cos 𝜔𝑘𝑡 න
𝑡0

𝑡 sin 𝜔𝑘𝑡
′ σ𝑘 𝑔1𝑘𝜙1 + 𝑔2𝑘𝜙2

𝜔𝑘
𝑑𝑡′

− sin 𝜔𝑘𝑡 න
𝑡0

𝑡 cos 𝜔𝑘𝑡
′ σ𝑘 𝑔1𝑘𝜙1 + 𝑔2𝑘𝜙2

𝜔𝑘
𝑑𝑡′

𝑑2

𝑑𝑡2
𝜙1 + 𝜔1

2𝜙1 +න
𝑘

𝑔1𝑘𝑥𝑘 = 0

𝑑2

𝑑𝑡2
𝜙2 + 𝜔2

2𝜙2 +න
𝑘

𝑔2𝑘𝑥𝑘 = 0

𝑑2

𝑑𝑡2
𝑥𝑘 + 𝜔𝑘

2𝑥𝑘 +න
𝑘

𝑔1𝑘𝜙1 + 𝑔2𝑘𝜙2 = 0

Equations of Motion 



𝑥𝑘 = 𝑐1 cos 𝜔𝑘𝑡 + 𝑐2 sin 𝜔𝑘𝑡 + cos 𝜔𝑘𝑡 න
𝑡0

𝑡 sin 𝜔𝑘𝑡
′ σ𝑘 𝑔1𝑘𝐴1 cos 𝜔𝑡

′ + 𝜃1 + 𝑔2𝑘𝐴2 cos 𝜔𝑡
′ + 𝜃2

𝜔𝑘
𝑑𝑡′

− sin 𝜔𝑘𝑡 න
𝑡0

𝑡 cos 𝜔𝑘𝑡
′ σ𝑘 𝑔1𝑘𝐴1 cos 𝜔𝑡

′ + 𝜃1 + 𝑔2𝑘𝐴2 cos 𝜔𝑡
′ + 𝜃2

𝜔𝑘
𝑑𝑡′

𝜙1 = 𝐴1 cos 𝜔𝑡 + 𝜃1

𝜙2 = 𝐴2 cos 𝜔𝑡 + 𝜃2

න
0

𝑡

sin 𝜔𝑘𝑡
′ cos 𝜔1𝑡

′ + 𝜃1 𝑑𝑡′ =
−2𝜔𝑘 cos 𝜃1 + 𝜔 + 𝜔𝑘 cos 𝜔1 − 𝜔𝑘 𝑡 + 𝜃1 + 𝜔𝑘 − 𝜔 cos 𝜔1 + 𝜔𝑘 𝑡 + 𝜃1

2 𝜔1 − 𝜔𝑘 𝜔1 +𝜔𝑘

න
0

𝑡

cos 𝜔𝑘𝑡
′ cos 𝜔1𝑡

′ + 𝜃1 𝑑𝑡′ =
−2𝜔𝑘 sin 𝜃1 + 𝜔 +𝜔𝑘 sin 𝜃1 + 𝜔1 −𝜔𝑘 𝑡 + 𝜔𝑘 −𝜔 sin 𝜔1 + 𝜔𝑘 𝑡 + 𝜃1

2 𝜔1 − 𝜔𝑘 𝜔1 + 𝜔𝑘



න
0

𝑡

sin 𝜔𝑘𝑡
′ cos 𝜔𝑡′ + 𝜃1 𝑑𝑡′ =

−2𝜔𝑘 cos 𝜃1 + 2𝜔1 cos 𝛿𝑡 + 𝜃1 − 𝛿 cos 2𝜔𝑡 + 𝜃1
4𝛿𝜔

=
−cos 𝜃1
2𝛿

+
cos 𝛿𝑡 + 𝜃1

2𝛿
−
cos 2𝜔1𝑡 + 𝜃1

4𝜔1

𝜔 ≈ 𝜔𝑘 → 𝜔 − 𝜔𝑘 = 𝛿 detuning & 𝜔 + 𝜔𝑘 ≈ 2𝜔1

For 𝑡 ≫ 0 & 𝑡 = 2𝑛𝜋/𝜔 , we take the average over time, we get for n cycles: 

= −
𝑛𝜋

𝜔
sin 𝜃1

න
0

2𝑛𝜋/𝜔

cos 𝜔𝑘𝑡
′ cos 𝜔1𝑡

′ + 𝜃1 𝑑𝑡′ =
𝑛𝜋

𝜔
cos𝜃1

𝑥𝑘 = 𝑐𝑘 cos 𝜔𝑘𝑡 + 𝜃𝑘 − cos 𝜔𝑘𝑡
𝑔1𝑘𝐴1

𝜋
𝜔𝑘

sin 𝜃1 + 𝑔2𝑘𝐴2
𝜋
𝜔𝑘

sin 𝜃2

𝜔𝑘
− sin 𝜔𝑘𝑡

𝑔1𝑘𝐴1
𝜋
𝜔𝑘

cos 𝜃1 + 𝑔2𝑘𝐴2
𝜋
𝜔𝑘

cos 𝜃2

𝜔𝑘

This does not converge ! 



𝑥𝑘 = 𝑐𝑘 cos 𝜔𝑘𝑡 + 𝜃𝑘 −
𝜋

𝜔𝑘
2 cos 𝜔𝑘𝑡 𝑔1𝑘𝐴1 sin 𝜃1 + 𝑔2𝑘𝐴2 sin 𝜃2 + sin 𝜔𝑘𝑡 𝑔1𝑘𝐴1 cos 𝜃1 + 𝑔2𝑘𝐴2 cos 𝜃2

𝑑2

𝑑𝑡2
𝜙1 + 𝜔1

2𝜙1 +෍

𝑘

𝑔1𝑘𝑥𝑘 = 0

𝑑2

𝑑𝑡2
𝜙2 + 𝜔2

2𝜙2 +෍

𝑘

𝑔2𝑘𝑥𝑘 = 0

𝑥𝑘 = 𝑐𝑘 cos 𝜔𝑘𝑡 + 𝜃𝑘 −
𝜋

𝜔𝑘
2 𝑔1𝑘𝐴1 sin 𝜔𝑘𝑡 + 𝜃1 + 𝑔2𝑘𝐴2 sin 𝜔𝑘𝑡 + 𝜃2

𝑑2

𝑑𝑡2
𝜙1 + 𝜔1

2𝜙1 +෍

𝑘

𝑔1𝑘𝑐𝑘 cos 𝜔𝑘𝑡 + 𝜃𝑘 −
𝜋

𝜔𝑘
2 𝑔1𝑘𝐴1 sin 𝜔𝑘𝑡 + 𝜃1 + 𝑔2𝑘𝐴2 sin 𝜔𝑘𝑡 + 𝜃2 = 0

𝑑2

𝑑𝑡2
𝜙2 + 𝜔2

2𝜙2 +෍

𝑘

𝑔2𝑘𝑐𝑘 cos 𝜔𝑘𝑡 + 𝜃𝑘 −
𝜋

𝜔𝑘
2 𝑔1𝑘𝐴1 sin 𝜔𝑘𝑡 + 𝜃1 + 𝑔2𝑘𝐴2 sin 𝜔𝑘𝑡 + 𝜃2 = 0



𝑑2

𝑑𝑡2
𝜙1 + 𝜔1

2𝜙1 +෍

𝑘

𝑔1𝑘𝑐𝑘 cos 𝜔𝑘𝑡 + 𝜃𝑘 −
𝜋

𝜔𝑘
2 𝑔1𝑘𝐴1 sin 𝜔𝑘𝑡 + 𝜃1 + 𝑔2𝑘𝐴2 sin 𝜔𝑘𝑡 + 𝜃2 = 0

𝑑2

𝑑𝑡2
𝜙2 + 𝜔2

2𝜙2 +෍

𝑘

𝑔2𝑘𝑐𝑘 cos 𝜔𝑘𝑡 + 𝜃𝑘 −
𝜋

𝜔𝑘
2 𝑔1𝑘𝐴1 sin 𝜔𝑘𝑡 + 𝜃1 + 𝑔2𝑘𝐴2 sin 𝜔𝑘𝑡 + 𝜃2 = 0

𝑑2

𝑑𝑡2
𝜙1 +𝜔1

2𝜙1 +෍

𝑘

𝑔1𝑘𝑐𝑘 cos 𝜔𝑘𝑡 + 𝜃𝑘 −
𝜋

𝜔𝑘
2 𝑔1𝑘𝐴1

′ sin 𝜔𝑘𝑡 + 𝜃1 + 𝜃𝑘
′ = 0

𝑑2

𝑑𝑡2
𝜙2 + 𝜔2

2𝜙2 +෍

𝑘

𝑔2𝑘𝑐𝑘 cos 𝜔𝑘𝑡 + 𝜃𝑘 −
𝜋

𝜔𝑘
2 𝑔1𝑘𝐴1

′ sin 𝜔𝑘𝑡 + 𝜃1 + 𝜃𝑘
′ = 0



𝑥1 = 𝑐1 cos 𝜔1𝑡 + 𝜙1 + cos𝜔1𝑡 න
1

𝑡 ∫ 𝑎 cos 𝜃𝑘 + 𝜔𝑘 +𝜃𝑘
′ − 𝑑𝑘

𝜔1
𝑑𝑡′




